The elastic-plastic delamination fracture in layered beams was studied theoretically. Two Four Point Bend (FPB) 
Introduction
Obviously, for an efficient and safe design of layered structures, it is necessary to know their delamination behavior. Therefore, the delamination fracture in layered materials continues to attract the interest of researchers [1] [2] [3] [4] [5] [6] [7] [8] . Usually, fracture behavior of different layered systems has been investigated by using various beam type configurations, including the FPB beams. The present paper describes a theoretical study of elastic-plastic delamination fracture in two FPB beam configurations by applying the J-integral approach. The analytical solutions of the Jintegral were obtained at characteristic levels of the external load. The mechanical behavior of the FPB beams under consideration was described by an elastic-plastic constitutive model with power law hardening. It should be noted that the same constitutive model has been applied by the author in non-linear delamination fracture analyses of the Cantilever Beam Opened Notch and the Double Cantilever Beam configurations [9] [10] . In the present paper, the J-integral solution was derived by using an integration contour that coincides with the beam cross-sections ahead and behind the crack tip. This is in contrast to the analyses developed in [9] [10] where the J-integral has been solved along an integration contour which coincides with the beam contour. The approach developed in the present paper has some advantages over the analyses presented in [9] [10] . For instance, the components of the J-integral can be determined in a relatively simple way. Besides, in the present paper, the J-integral solution obtained by using the elastic-plastic constitutive model with power law hardening was compared with the strain energy release rate for verification. It should also be mentioned that the present fracture analysis was based on the small strains assumption. The solutions derived were applied to elucidate the effects of crack location along the beam depth and material non-linearity on the delamination fracture behavior.
The
elastic-plastic analysis of delamination fracture First, the DLFPB beam configuration was analyzed (Fig. 1 ). There is a delamination crack of length, 2a, located symmetrically with respect to the beam mid-span. A vertical notch of dept, 2 h , is cut in the beam mid-span in order to generate conditions for delamination fracture. The DLFPB is loaded symmetrically by two transverse forces, F, applied at the beam ends. The beam has a rectangular crosssection of width, b, and dept, h. The thickness of lower crack arm is 1 h . The upper crack arm is free of stresses. The fracture was analyzed by applying the J-integral written as [11] 
where Γ is a contour of integration going around the crack tip from one crack face to the other in the counter clockwise direction, 0 U is the strain energy density, α is the angle between the outwards normal vector to the contour of integration and the crack direction, x p and y p are the components of the stress vector, u and v are the components of the displacement vector with respect to the crack tip coordinate system xy, and ds is a differential element along the contour Γ. The J-integral was solved by using an integration contour that consists of two segments, A and B. The segment A coincides with the lower crack arm crosssection behind the crack tip, the segment B coincides with the beam cross-section ahead of the crack tip ( Fig. 1) . At low magnitudes of the external load, the beam deforms in linear-elastic stage, i.e. the Hooke's law is valid. The stresses are distributed linearly along the beam depth. Thus, the components of J-integral in the lower crack arm cross-section A were written as
The J-integral solution in the cross-section B ahead of the crack tip (in the beam un-cracked portion) was obtained by substitution of
Besides, the sign of (6) was changed to 'minus', since the contour of integration is directed upwards 
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The final solution of the J-integral was found by summation of (6) and (7) and by doubling the expression obtained in view of the fact that there are two cracks located symmetrically with respect to the beam mid-span ( Fig. 1 ).
It should be mentioned that at
solution (8) coincides with the formula for strain energy release rate obtained when the crack is located in the beam mid-plane [12] . Solution (8) is valid at linear-elastic behavior of the beam. However, if the fracture toughness is high, plastic deformation of the beam will begin before the onset of delamination growth from the initial crack tip position. Therefore, the material nonlinearity has to be taken into account in the delamination fracture analysis. The non-linear fracture in the DLFPB beam configuration was analyzed by using a constitutive model with power law hardening (the corresponding stress-strain diagram is shown schematically in Fig. 2 ). The linear section, OB, of the stress-strain diagram is followed by the non-linear section, BQ, with power law hardening in which the stress-strain relation is written as [13] x y y m p f
where y f is the yield stress limit of material, y  is the strain that corresponds to y f , and m is the exponent of power-law. At low magnitudes of the external load the beam deforms in the linear-elastic stage and the J-integral solution is found by formula (8) .
When the external load magnitude increases, the yield stress limit, y f , will be attained first in the remotest edges of lower crack arm with coordinates 
It should be specified that (10) (Fig. 1) , while the un-cracked beam portion ( 0  x ) will continue to deform in the linear-elastic stage. The stress distribution in the lower crack arm crosssections is reported in Fig. 3 . The J-integral solution in the cross-section of lower crack arm was obtained by integration along the elastic and plastic zones. Thus, the J-integral was written as
where the J-integral in the elastic zone of crack arm cross-section was written as
In (13), el h is the height of elastic zone (Fig. 3) , el U 0 is the strain energy density in the same zone.
The stresses in the elastic zone are distributed linearly
where 2 M is the bending moment in the lower crack arm
The partial derivative, x u   , was written as:  along the height of the beam crosssection, it should also be noted that since the middle portion of the beam (in which the delamination crack is located) is loaded in pure bending (Fig. 1) , the only nonzero strain is x 
After transformations and taking into account the fact that
equation (17) 
By substitution of (14), (15), and (23) in (13), we obtained
where the height of elastic zone, el h , is determined by using a formula from Mechanics of materials [13] [14] 
where the factor of 2 takes into account the fact that there are two symmetric plastic zones in the lower crack arm cross-section (Fig. 3) . In (26), The stresses in the plastic zones were obtained by formula (9) . The strain energy density in the plastic zones of lower crack arm cross-section is equal to the area, OPQ, enclosed by the stress-strain curve ( 
We substituted (9), (15) and (28) 
where el h is obtained by (25).
By substitution of (24) and (29) into (11), we obtained the J-integral solution in the lower crack arm
The J-integral solution in the cross-section ahead of the crack tip, (Fig. 1) was obtained by substitution of 2 
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in formula (7). The final solution was found by doubling the sum of (7) and (30) 
The J-integral solution (31) 
Effects of crack location and material non-linearity
The effect of material non-linearity on delamination fracture behavior of the DLFPB layered beam configuration was evaluated. For this purpose, the Jintegral non-linear solution (31) was used. Calculations of the J-integral value were performed assuming that hardening was used to describe the beam mechanical behavior. The analytical solutions of the J-integral were derived at characteristic levels of the external load. The solution derived was verified by performing analysis of the strain energy release rate with taking into account the material non-linear behavior. The influence of crack location along the beam dept on the elastic-plastic delamination fracture behavior was analyzed. It was found that the J-integral value decreased with increasing h h / 1 ratio. This finding was attributed to the increase of the lower crack arm stiffness. The effect of material non-linearity on the fracture was investigated too. The analysis revealed that the material non-linearity leads to increase of the J-integral value in comparison with the linear-elastic solution. This finding indicates that the material non-linearity has to be taken into account in fracture mechanics based safety design of structural members composed by layered materials. The present paper contributes to the understanding of delamination fracture in layered beams that exhibit elastic-plastic behavior of material.
